ABSTRACT: This paper presented a three dimensional analysis for the buckling behavior of an imperfect orthotropic thick cylindrical shells under pure axial or external pressure loading. Critical loads are computed for different imperfection parameter. Both ends of the shell have simply supported conditions. Governing differential equations are driven based on the second PiolaKirchhoff stress tensor and are reduced to a homogenous linear system of equations using differential quadrature method. Buckling loads reduction factor is computed for different imperfection parameters and geometrical properties of orthotropic shells. The sensitivity is established through tables of buckling load reduction factors versus imperfection amplitude. It is shown that imperfections have higher effects on the buckling load of thin shells than thick ones. Results show that the presented method is very accurate and can capture the various geometrical imperfections observed during the manufacturing process or transportation.
INTRODUCTION
Advanced lightweight composite shells are one of the main requirements of modern marine industry like that ships, offshore and subsea structures to enhance their structural efficiency and performance. Since, several unexpected conditions may exist for various structures in marine environment, it is necessary to design these structures with higher level of safety. The initial geometrical imperfections are inevitable in manufacturing process of composite shells. The awareness of the imperfection effect on shell buckling behavior of shells has been rising since 1930s that several experimental studies performed by researchers were compared to the predictions of the theoretical formulations. Shown that there are great scatter in experimental results and Donell, 1934 [2] ; Wilson and Newmark, 1933 [3] ). This led to the establishment of imperfection factors based on the experimental results. Nevertheless, the discrepancy between the theory and experimental results was too great for researchers to accept and it became the motivation for development of large deflection theories.
Recent study done in [4] show that the NASA-SP 8007 imperfection factors published in 1965 used in the design of shell structures, are overly conservative and inappropriate for shells constructed from modern manufacturing processes and materials such as composites. Such a conservative approach causes the structures heavier and more costly than to be need. Therefore, dependable and verified guides for cylindrical shells are required, particularly for shells constructed from composite materials and their manufacturing techniques. Lately a design criterion for imperfection sensitive composite structures is developed in [5] applying an optimization methodology in conjunction with stochastic approach and single perturbation load approach. In this studies influence of initial geometrical, material, loading and thickness imperfections on the axial buckling load of 50 nominally identical composite cylinders are investigated and compared with finite element results. This design criterion presented base on the actual behavior of composite materials including geometrical imperfections and provided less conservative and more accurate imperfection factors.
Nowadays the non-destructive methods have more interested among researchers to evaluate the actual buckling behaviors of cylindrical shells considering various geometrical imperfections. Various approaches have been developed for predicting realistic buckling loads. Koiter applied the structural eigenmodes technique to investigate the effects of geometric imperfections on the stability of cylindrical shells [6] . Statistics-based techniques [7, 8] and progressive damage modeling [9, 10] are other methods that are used to involve taking into account imperfection parameters of shells. In these approaches, the experimental data would be required to obtain useful imperfection parameters for a given structure and their manufacturing process. This is expensive and impractical for designing of new structures that are outside of the range of those previously considered.
The single perturbation load (SPL) has been developed by Huhne et al. [11] to study the imperfection sensitivity of axial compressed cylindrical shells. In this approach the single lateral buckle mode created by initial applied lateral load, considered as imperfection pattern and causes a knockdown in the buckling load of the cylinder. It concluded that the provided buckling predictions by single perturbation load method are less conservative than those of the NASA-SP 8007 guidelines. Adrian et al. [12] has also carried out single perturbation load method to investigate the imperfection sensitivity of composite and sandwich cylindrical shells. It was shown that the SPL does not require to the real imperfections measurements Buckling Analysis of Orthotropic Thick Cylindrical Shells Considering ...
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and information with regards to the manufacturing technique. Also this method has the potential to development of guidelines for imperfection-sensitive composite and sandwich structures.
The vibration correlation technique (VCT) that used in [13] , allows considering the geometrical imperfection measured by 3D laser scanner in stability calculations of thin-walled plate and shells. Akbari Alashti and Ahmadi [14] carried out and numerical calculations on the buckling behavior of thick cylindrical shells and curved panels under external pressure using differential quadrature method. An axisymmetric and periodic initial imperfection in the axial direction considers for the shells and the effects of different boundary conditions, geometric ratios, curvature and imperfection parameter were carefully discussed. Semenyuk and Zhukova [15] used the Byskov-Hutchinson method and presented an analytical formula for the b problem of the stability and post-buckling behavior of orthotropic cylindrical shells with local initial deflections under external pressure or axial compression. It has been shown that if the deflection amplitude is of the order of the shell thickness, then the critical load is 0.6-0.8 of that for the perfect shell. Winterstetter and Schmidt [16] suggest three approaches for the numerical simulation of geometrically imperfect shell structures namely realistic, worst and stimulating geometrical imperfections. Study of those reported in the literatures, concluded that various approaches and guidelines developed for predicting realistic buckling loads have a lot of limitations in shape of applicable structure and their accuracy are depended to type and amplitude of imperfection. This highlights the need for an analysis methodology to be able to consider the effects of every type of imperfection at initial design steps without the need for expensive experimental examination.
In this paper buckling equations of thick cylindrical shells are obtained on the basis of the three dimensional benchmark elasticity solutions. The influence of an axisymmetric imperfection in axial direction on the ultimate stability of shells is investigated. The governing differential equations are discrete and reduced to homogenous linear system of equations using differential quadrature method. Numerical results are obtained for cylinders made out of graphite/epoxy or glass/epoxy and compared with shell theory predictions those reported in the literatures. The presented method can be used to evaluate buckling pressure of any types of orthotropic cylindrical shells that takes into account the various types of geometrical imperfections with low times and cost. Figure 1 shows a cylindrical shell of length L and outer and inner radius R 2 and R 1 , respectively. A coordinate system (r, θ, z) is defined at one end of the shell and its origin is placed at the center of the shell. Assume that the shell is simply supported Figure 1 shows a cylindrical shell of length L and outer and inner radius R2 and R1, respectively. A coordinate system (r, θ, z) is defined at one end of the shell and its origin is placed at the center of the shell. Assume that the shell is simply supported at two ends and loading in the Axial and lateral direction is considered to act on the shell that causes displacements in the r, θ and z directions. The corresponding displacements are denoted by (w, v, u) . The shell is carbon/epoxy or glass/epoxy unidirectional with 0 degree orientation with respect to the hoop direction. Note again that 1 is the axial x, 2 is the circumferential θ, and 3 the radial r direction. In other to consider geometrical defection, the thickness of shell defined as function of x as:
FORMULATION AND GOVERNING EQUATIONS

where h0 is the thickness of a perfect cylindrical shell and is the imperfection parameters. According to (1), the inner radius R1 is assumed to be constant. Also thicknesses of the shells at two ends are h0 for all values of . The buckling equations and related boundary conditions are derived base on the three dimensional elasticity solutions. The derivation is similar to that of Akbari Alashti and Ahmadi [14] except that we include the orthotropic materials behavior in the at two ends and loading in the Axial and lateral direction is considered to act on the shell that causes displacements in the r, θ and z directions. The corresponding displacements are denoted by (w, v, u). The shell is carbon/epoxy or glass/epoxy unidirectional with 0 degree orientation with respect to the hoop direction. Note again that 1 is the axial x, 2 is the circumferential θ, and 3 the radial r direction. In other to consider geometrical defection, the thickness of shell defined as function of x as (1) h
where h 0 is the thickness of a perfect cylindrical shell and ε is the imperfection parameters. According to (1), the inner radius R 1 is assumed to be constant. Also thicknesses of the shells at two ends are h 0 for all values of ε. The buckling equations and related boundary conditions are derived base on the three dimensional elasticity solutions. The derivation is similar to that of Akbari Alashti and Ahmadi [14] except that we include the orthotropic materials behavior in the formulations. According to this method, displacement fields for the shells are expressed by two terms consist of primary and infinitely perturbed positions
where α is an infinitesimally small quantity, w 0 (r, θ, x), v 0 (r, θ, x), u 0 (r, θ, x) are components of the displacement corresponding to the primary position and w (r, θ, x), v (r, θ, x) and u (r, θ, x) denote values of components of displacement field in the disturbed position in the radial, circumferential and axial directions respectively. The orthotropic strain-stress relations are in the same form as in equation (3) (3)
Here C ij denoting the stiffness constants and obtained using material constants in Table 1 C
Using the linear strain-displacement, rotation-displacement and stress-strain relations in cylindrical coordinated system, stress and strain components in the buckling state are expressed as 
The equations of equilibrium are written in terms of the second Piola-Kirchhoff stress tensor σ in the form [17] 
where F is the deformation gradient, V is the displacement vector and I is the unit tensor. Considering linear normal strains, rotations, and stresses and keeping the linear terms in α, we can obtain buckling equations of orthotropic thick cylindrical shells in radial, circumferential and axial directions. In the case of thick shells strains are considerable compared with rotations, therefore we cannot remove them from equations. It is assumed that the non-zero normal strains be much smaller than 1 and the shear strain, shear stress and rotation are neglected in the equilibrium conditions. After subtracting the presented equations in Eq. (7) and followed considerations, a system of three dimensional homogeneous differential equations are obtained
The boundary conditions of the outer and inner faces of shells in the perturbed equilibrium positions can be obtained applying equilibrium equations using the second Piola-Kirchhoff tensor σ
Boundary conditions in initial equilibrium positions for two lateral surfaces due to the action of the lateral pressure p can be presented using linear elasticity theory
Assumed that the shell is simply supported at two ends, we have
CALCULATION METHOD
In this work, assumed that shell geometries, initial imperfection and loading have axisymmetrical form. Considering boundary conditions as Eq. (11), the perturbed displacements can be writing in the following form:
where m is the buckling mode number in the circumferential directions. Subtracting equation (12) in the strain-displacement and strain-stress relations, buckling equations (8) can be obtained in terms of the displacement field. In the present work, a semi-analytical method introduced by [18] called the differential quadrature method, is used to discretize and solve the governing buckling equations.
The governing Eq. (8) combine with the boundary conditions (9) to (11), form a differential system that are linear respected to displacement parameters w, v and u. The discretizing the governing differential equations and related boundary conditions by differential quadrature method concluded a set of algebraic equations which can be converted to an eigenvalue problem. This method suggests that the first order derivative of the function f (x, r) in radial and axial directions can be approximated as a linear sum of all functional values in the domain
where W 1
(1) ij and W 2
(1) ij are corresponded weighting coefficients for first derivation and N and Q denote the number of sampling points in r and x directions, respectively. There are different methods to evaluate the weighting coefficients [19] . In this paper the polynomial expansion based differential quadrature is used to discretize differential equations in the radial and the longitudinal directions. Weighting coefficients of the first order derivatives are defined based on the Lagrange interpolation polynomials as
, for j = j ,
where
And for higher order derivations we have
In terms of differential quadrature, the discretized form of buckling equations of thick orthotropic cylindrical shells (Eq. (8)) at all domain grid points (i = 2, . . . , N − 1, j = 2, . . . , Q − 1) can be obtained as following:
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(1) ij are corresponded weighting coefficients of the k th order derivative in r and x directions, respectively. In other to solve equation (17), we need to implement the boundary conditions. For the thick shell simply supported at both ends, the boundary conditions (9) in longitudinal end grid points (j = 1 and j = Q respect to x = 0 and x = L) in terms of the differential quadrature are as follows:
Equations at lateral and axial boundary grid points (equations (9) and (11)) and domain grid points (equation (17)), contain 3N Q algebraic equations. As mentioned before, to perform the eigenvalue system of equations, the degree of freedom is separated into the domain and the boundary degree freedom in a partitioned form as (19) − 
RESULTS AND DISCUSSION
In other to illustrate the effectiveness of presented formulations and solution method for buckling analysis of imperfect cylindrical shells, the results are compared against results reported in the literature. Material properties of the shell assumed to be orthotropic consist of Glass/epoxy and Carbon epoxy. The shells are simply supported at two ends and are under the action of lateral external pressure or axial compression. The normalized results of buckling loads for a perfect Glass/epoxy cylindrical shell obtained by differential quadrature method are presented in Tables 2 and 3 . The results are compared with those reported in [20, 21] for the orthotropic shells under external pressure and axial compression. Also accuracy of the presented method for imperfect thick shell is validated against results reported by [14] in Table 4 . In this case assumed that shell is made of Aluminum with E = E 11 = E 22 = E 33 = 70 Gpa, v = 0.3 and results are presented for various imperfection parameters 0 ≤ ε ≤ 0.2. It is evident that results of presented method for perfect and imperfect orthotropic thick shells are in good agreement with reported results. Table 2 . Comparison of normalized buckling external pressure of a perfect thick Glass/epoxy (orthotropic) shell, L/a = 10,P = P R 3 2
Present study [20] [21] Table 3 . Comparison of normalized buckling load of a perfect thick Glass/epoxy (orthotropic) To study the buckling behavior of an orthotropic shell with imperfection, quantities namely, λ p and λ f denoting the ratios of the buckling loads of the imperfect shell to the perfect shell in various load conditions are considered (20) λ
Variation of the buckling load reduction parameter λ p , of two imperfect orthotropic shells with two outer to inner radius ratio and same ratio of length to mid-plane radius L/a = 1, subjected to pure external pressure loading is presented in Table 5 . Variations of critical pressures with the ratios of R 2 /R 1 of the orthotropic cylindrical shells with imperfection are also presented in Fig. 2 . It is found that imperfections causes by manufacturing or application process have significant effects on the buckling load of shells. It is also revealed that geometrical imperfections have higher effects on the buckling load of thin shells than thick ones.
The effect of the ratio of the length to the mid-plane radius, i.e. L/a on the critical pressure of orthotropic cylindrical shell with R 2 /R 1 = 1.2 and various imperfection parameters ε, is shown in Fig. 3 . It is realized from Fig. 3 that as the ratio of L/a increases, the buckling load decreases and then approaches to an asymptotic value. These values can be considered for buckling pressure of long orthotropic shells.
Next, the effect of imperfection parameter ε on the buckling behavior of a thick orthotropic cylindrical shell made of Glass/epoxy and Carbon/epoxy under the action of axial compression is investigated. Buckling loads reduction parameter λ f for the The effect of the ratio of the length to the mid-plane radius, i.e. L/a on the critical pressure of orthotropic cylindrical shell with R2/R1 = 1.2 and various imperfection parameters ε, is shown in Fig. 3 . It is realized from Fig. 3 that as the ratio of L/a increases, the buckling load decreases and then approaches to an asymptotic value. These values can be considered for buckling pressure of long orthotropic shells. shells with different geometrical properties and imperfection parameters ε, are presented in Tables 6 and 7 . Comparison of the results of Tables 5 and 6 concluded that the imperfection has higher effect on the buckling behavior of a shell under lateral pressure loading than axial ones. It is also found that as the thickness of the shell increases, variation of the buckling axial load of orthotropic shells decrease with imperfection parameter. The effect of the ratio of the length to the mid-plane radius, i.e. L/a on the critical pressure of orthotropic cylindrical shell with R2/R1 = 1.2 and various imperfection parameters ε, is shown in Fig. 3 . It is realized from Fig. 3 that as the ratio of L/a increases, the buckling load decreases and then approaches to an asymptotic value. These values can be considered for buckling pressure of long orthotropic shells. The effect of the ratio of the length to the mid-plane radius, i.e. L/a on the critical pressure of orthotropic cylindrical shell with R2/R1 = 1.2 and various imperfection parameters ε, is shown in Fig. 3 . It is realized from Fig. 3 that as the ratio of L/a increases, the buckling load decreases and then approaches to an asymptotic value. These values can be considered for buckling pressure of long orthotropic shells. 
CONCLUSION
In this paper a numerical study is carried out to investigate the effects of geometrical imperfections on the buckling behavior of orthotropic thick cylindrical shells. It is assumed that the shell has an axisymmetrical varied thickness in the axial direction represented by ε parameters (imperfection Index). Three dimensional buckling equations are taken in terms of the second Piola-Kirchhoff stress tensor using Benchmark three-dimensional elasticity solution. The governing equations are discretized and solved by differential quadrature method (DQM) in the cases of pure axial compression and lateral pressure loading for the shells with simply supported boundary conditions at two ends. Numerical results for buckling loads reduction factor (λ) of glass/epoxy and carbon/epoxy cylindrical shells are presented. Deliberation of buckling load reduction factor indicates that the thin cylindrical orthotropic shells are sensitive to geometrical imperfections more than thick ones. The results have shown that presented method is able to consider different types of geometrical imperfections
